PARITY OF RANKS FOR ELLIPTIC CURVES WITH A 

CYCLIC ISOGENY 

o 

TIM AND VLADIMIR DOKCHITSER 

(N 

O |- Abstract. Let E be an elliptic curve over a number field K which 

^^ ' admits a cyclic p-isogeny with p > 3 and semistable at primes above p. 

We determine the root number and the parity of the p-Selmer rank for 
Oi ■ E/K, in particular confirming the parity conjecture for such curves. We 

prove the analogous results for p — 2 under the additional assumption 
r | . that E is not supersingular at primes above 2. 
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1. Introduction 
CO ' If E is an elliptic curve over a number field K, the number of copies of 
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jf^ ■ Z in the group of rational points E(K) is called the Mordell-Weil rank of 

■^j- \ E/K. If the Tate-Shafarevich group JH(E/K) is finite (conjecturally, this 

is always the case), then for every prime p it is the same as the p-Selmer 
rank of E/K, defined as the Mordell-Weil rank plus the number of copies of 

iq | Qp/Zp in UI(E/K). We will be concerned with the parity of the p-Selmer 

rank, and we will write <r(E/K,p) for (-i)P-Seimer rank of e/k_ 

Tate's generalization of the Birch and Swinnerton-Dyer conjecture for 
elliptic curves over number fields predicts that the Mordell-Weil rank is the 
same as the analytic rank, the order of vanishing of the L-function L(E/K, s) 
at s = 1. The parity of the analytic rank is determined by the root number 
w(E/K) G {±1}, which is the conjectural sign in the functional equation 

S^ ■ for L(E/K, s) under s <-> 2 — s. Although this L-function is not even known 

to exist at s = 1 for K ^ Q, the definition of the root number (due to 
Langlands) is independent of any conjectures. Thus we expect the following 
parity conjecture: 

Conjecture 1. For any (some) prime p, the root number agrees with the 
parity of the p-Selmer rank, so w(E/K) = a(E/K,p). 

One of the main results in the paper is the following theorem. 

Theorem 2. If E/K has a rational isogeny of prime degree p > 3, and E 
is semistable at all primes over p, then Conjecture U\ holds for E/K and p. 
It also holds for p = 2 under the additional assumption that E is not super- 
singular at primes above 2. 

l 
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Recall that the global root number can be expressed in terms of local root 
numbers over all places of K, 



w{E/K) = J[w(E/K v ) 



If E has an isogeny eft of degree p over K, then there is also a product formula 
for the parity of the p-Selmer rank (Cassels-Fisher, see [lj Appendix), 

a{E/K,p)=J[a^E/K v ). 

V 

Here a^,(E/K v ) £ {±1} is 1 if the power of p in 

#coker((t>:E(K v )->E'(K v )) 
#kei((f>:E(K v )^E'(K v )) 
is even and —1 otherwise. 

Notation. If F is local, we write (a, b) = (a,b)p £ {±1} for the Hilbert 
symbol: it is 1 if and only if b is a norm from F(y/a) to F. 

If (p : E — > E' is an isogeny defined over F, we write Fa, for the extension 
of F generated by the points in ker (p. Since Gs1{Fa,/F) '—* (7Ljp7L)* from 
the action on these points, F^jF is cyclic. We denote the image of —1 under 
the composition 

F* locrccip ) Gal(iVF) w (Z/pZ)* 

by (—ljFip/F), and we refer to it as the local Artin symbol. It is 1 if —1 is 
a norm from F^ to F and —1 otherwise. 

In this paper we derive formulae for the local terms w(E/K v ) and a^E/K v ] 
for odd p (Theorems [5] and [6]). It turns out that although the root number 
and the p-Selmer rank agree globally, the local terms are not the same but 
are related as follows. 

Theorem 3. Let K be a number field and p an odd prime. Let E/K be an 
elliptic curve with a cyclic p-isogeny 4> defined over K , and assume that E 
has semistable reduction at all primes above p. Then for all places v of K, 

w(E/K v ) = (-l,K v>(j> /K v ) a^{E/K v ) . 

Note that Theorem [3] implies Theorem [2] by the product formula for the 
local Artin symbols, \\ v {—l,K v ^/K v ) = 1. 

When p = 2, the above theorem does not hold. The existence of a 2- 
isogeny is equivalent to having a 2-torsion point, so the extension K v ^jK v 
is always trivial. However, there is an analogous relation between w(E/K v ) 
and aA,(E/K v ) as follows. 

Translating the 2-torsion point to (0,0), the curves E and E' get the 
models 

(1) E : y 2 = x 3 + ax 2 + bx, a,b G O k , 

(2) E' : y 2 = x 3 - 2ax 2 + 8x, 5 = a 2 - 46 , 
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with the isogeny <fi : E — > E' given by 

(3) c/) : (x, y) \— ► {x + a + bx~ l ,y — bx~ 2 y) . 

Theorem 4. Suppose E/K has either good ordinary or multiplicative re- 
duction at all primes above 2. Then for all places v of K , 

(4) w(E/K v ) = *t(E/K v ) (a, -b) Kv (-2a, S) Kv . 

In particular, the 2-parity conjecture holds for E/K by the product formula 
for the Hilbert symbols. 

For K = Q, the parity conjecture for E and p in the case that E has 
a p-isogeny is a theorem of P. Monsky [6] , who also proved it uncondition- 
ally for K = Q,p = 2. J. Nekovaf [7] proved the conjecture without the 
assumption on the existence of a p-isogeny for elliptic curves over Q with 
potentially ordinary or potentially multiplicative reduction at p. If E/Q is 
semistable and has a rational p- isogeny (p odd), the parity conjecture for E 
base changed to an arbitrary number field follows from [1], Thm. 3 and Prop 
A.l. Indeed, our computations of Selmer ranks are based on the approach 
by T. Fisher in pQ. We would also like to mention that for E/Q, recently 
M. Shuter [12] has done some beautiful computations of Selmer ranks over 
the fields where they acquire a p-isogeny. 

Acknowledgements. We would like to thank the referee for carefully read- 
ing the manuscript and numerous comments and suggestions. 

2. Main results for p > 3 

Theorem 5. Assume F = R or C, or [F : Qi] < oo, and let p > 3. Let 
E/F be an elliptic curve with a rational p-isogeny <fi. Then 

— 1 F is Archimedean, 

1, E has good reduction, 

w(E/F) = < — 1, E has split multiplicative reduction, 

1, E has non-split multiplicative reduction, 

5 ■ (—1,Fj,/F), E has additive reduction and I ^p. 

Here 5 = 1 unless p = 3, ^3 <f_ F and E/F has reduction type IV or IV* , in 
which case S = — 1. 

Proof. Except in the case of additive reduction, the formula for w(E/F) is 
well-known and does not depend on the existence of a rational isogeny (see 
e.g. [9] Thm. 2). The remaining case is dealt with in Sectional □ 

Theorem 6. Assume F = R or C, or [F : Q{\ < 00, and let p > 3. Let 
E/F be an elliptic curve with a rational p-isogeny <fi. Then 

— (— l,Ff/F), F is Archimedean, 

(—ljF^/F), E has good reduction, 

o~AE/F) = < —{—1,F^/F), E has split multiplicative reduction, 

(—ljF^/F), E has non-split multiplicative reduction, 

5, E has additive reduction and I 7^ p. 
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Here 5=1 unless p = 3, ^3 <£. F and E/F has reduction type IV or IV* , in 
which case 8 = — 1. 

Remark on Artin symbols. For I 7^ p the above local Artin symbols can 
be easily described: If F is Archimedean, (—l^F^/F) = 1 (i.e. —1 is a 
norm from Fa,) unless F = R and Fa, = C. If -F is non- Archimedean and 
E has semistable reduction, then (—1,Fa,/F) = 1 because this extension is 
unramified (see proof below). For I = p, see Lemma [12] for the description 
of the Artin symbol. 

Proof of Theorem® Recall that a^E/F) = ±1 and it is 1 if and only if 
the power of p in 

rtcokeij^ :E(F)^E'(F)) 
{ ' #ker(c/>:£(F) -> E'{F)) 

is even. For Archimedean F, the cokernel is always trivial while # ker = p 
unless F = R and Fa, = C; so a^E/F) = -(-l,2fy/F). 

Henceforth assume that i 7 is a finite extension of Qj. Then ([5]) equals 
(P, App., formula (18)) 

C(£0 ' lavlv 
where c v is the Tamagawa number and a v is the leading coefficient for the 
action of (j) on the formal groups. We will compute both contributions. 

For the quotient c v (E')/c v (E), Lemma [TT1 in Section [5] shows that it has 
odd p-valuation precisely for the primes of split multiplicative reduction 
and primes of additive reduction with 5 = — 1. Next, for lj(p, the isogeny (f> 
induces an isomorphism on formal groups, so a v is a unit. For l\p, we will 
show that ordp \a v \ v is even if and only if {—l^F^/F) = 1 (Section [6]). 

To complete the proof of the theorem, it remains to show that (—1, F^/F) = 
1 for places lj(p of semistable reduction. It suffices to check that F^/F is 
unramified, since then all units are norms by local class field theory. But 
Fa,/F is a Galois extension of degree prime to p, while the inertia subgroup 
of Gal(K v (E\p\) j K v ) is either trivial in case of good reduction or a p-group 
in case of multiplicative reduction (cf. |14j . Exc. 5.13). □ 

Corollary 7. Let K be a number field and E/K an elliptic curve with 
semistable reduction at all primes above p. Assume E has a rational p- 
isogeny (j). Then 

w(E/K)=a(E/K,p) = (-l)#^(-l) s ]J 5 V (-1, K v ^/K v ), 

v additive 

where s is the number of primes of split multiplicative reduction of E/K , 
and 8 V = 1 unless p = 3, /U3 <f_ K v and E has reduction type IV or IV* at v, 
in which case 5 V = —1. 

Since the local Artin symbol over the semistable primes vj(p is trivial, it 
follows from the product formula that the product over the additive primes 
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can be replaced by the ones over p and over oo, apart from the easy correction 
terms 5 V (trivial for p > 3), 

w(E/K)=a(E/K,p) = (-l)#W^(-iy ]] (-1,K V; a/K v ) J] S v . 

v\poroc v additive 

3. Root numbers 

In this section [F : Qi] < oo and E/F is an elliptic curve with additive 
reduction which admits a cyclic p-isogeny for some odd p ^ I. To prove 
Theorem [5] we need to show that 

w(E/F)=5 ■ (-1,Fa/F), 

where 5 = 1 unless p = 3, [13 (/L F and E/F has reduction type IV or IV*, 
in which case 5 = — 1. Recall also that Fa is the extension of F generated 
by the points in the kernel of 4>. 

We will determine w(E/F) from the action of Gal(F/F) on the p-adic 
Tate module T P (E). We mention that computations of this kind have pre- 
viously been carried out by Rohrlich [HJ |9] and Kobayashi [3] , and we refer 
to them for definitions and background for local root numbers and e-factors 
of elliptic curves. 

We set V P (E) = T p (E) <3 Zp Q p , and recall that the Weil group of F is the 
subgroup of Gal(F/F) generated by the inertia subgroup and a lifting Frob 
of the Frobenius element. Write || • || for the cyclotomic character (local 
reciprocity map composed with the normalized absolute value of F). 

Lemma 8. Suppose E has potentially multiplicative reduction. Then the 
action of the Weil group onV p (E) is of the form (^ -111. 11) for some ramified 

quasi- character x, ^nd inertia acts via ±( i) with * not identically 0. The 
root number is given by w(E/F) = {—I^Fa/F). 

Proof. That inertia acts as asserted follows the theory of the Tate curve (cf. 
|14j Lemma V.5.2, Exes. 5.11, 5.13). In particular, E acquires multiplicative 
reduction over Fa. 

Because the inertia subgroup is normal in the Weil group, Frobenius pre- 
serves the 1-dimensional subspace where inertia acts through a quotient of 
order 2; this gives the action of the full Weil group. 

Next, the root number of the semi-simplification of V P (E) is given by the 
determinant formula (see [8] p. 145 or |15j (3.4.7)) 

w(V p (E) ss ) = w( X © X _1 || • II) = w( X © X" 1 ) = X(0(-1)) 

with 6 the local reciprocity map on F*. Over Fa the quasi-character x, and 
therefore also V P (E) SS , is unramified. Take a primitive character x of Fa/F 
that coincides with x on inertia. Then 

X(e(-I)) = x (0(-1)) = (-1,FA/F). 
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The assertion follows from the formula (see [15] (4.2.4)) 
(6) e{V p {E)) = e(V p {E) s 



'*^»-^P^>»> teti-Frob- 1 \V P {EY) ' 
since V P (E) SS I = = Vp(E) 1 . D 

Lemma 9. Suppose E has potentially good reduction and p > 5. Then 
the action of the Weil group on V P (E) is of the form (* y -ii|.|i) for some 
quasi- character x- The root number is given by w(E/F) = (—1,F^/F). 

Proof. From the properties of the Weil pairing, inertia acts via ( ^) on E[p] 
over F^. On the other hand, the inertia is finite of order dividing 24 ( |1UJ 
§5.6), so has no elements of order p. So it acts trivially on E[p], hence E/F^ 
has good reduction (by [TT] Cor. 2 or [J4] Prop 10.3). 

We need to show that the action of the Weil group on V P (E) is abelian. 
On the one hand, the commutator of any two elements acts trivially on the 
residue field, so it is an element of the inertia subgroup. On the other hand, 
its image in Gal(-F^/-F) is trivial, because the latter is abelian. As E/F^ 
has good reduction, this commutator acts trivially on T p (E). 

It follows that T p (E) = x © X _1 || • II, so w{E/F) = (-1, F+/F) as in the 
proof of Lemma [HJ □ 

Lemma 10. Suppose E has potentially good reduction and p = 3. Then 

w(E/F) = 5(-l,F <t> /F). 

Proof. Denote G = Gal(.F(.E[3])/.F) and write / for its inertia subgroup. 
Since I is a non-trivial subgroup of Q *) C GL<2(F3) of determinant 1, it is 
one of C2, C3 and Cq. Moreover, / = C3 if and only if E has reduction type 
IV or IV*. (For I 7^ 2, E has type IV or IV* if and only if the valuation of 
the minimal discriminant of E is 4 or 8, equivalently |/| =3. For / = 2, see 
0, Thm. 2(i). ) 

(a) If I = C2, then 5 = 1. The root number is {—l^F^/F) by the same 
argument as in Lemma [9) 

(b) If I = C3, then (—1,F^,/F) = 1 because it corresponds to an element 
of / of order dividing 2. Next, G is either C3 or Cq if ^3 C F, and S3 
otherwise. 

If G is cyclic, then w(E/F) = 1, because E acquires good reduction 
after a Galois cubic extension, and the root number of an elliptic curve is 
unchanged in such an extension ([3], proof of Prop. 3.4). 

If G = S3, then Frob acts centrally on Vs(E), so it is given by a scalar 
matrix A Id. From the properties of the Weil pairing, its determinant A 2 is 
equal to det(Frob) 2 = / 2 , where / is the size of the residue field of F. Note 
that / = 2 mod 3 as 1x3 <£. F and A = 1 mod 3 since Frob acts trivially 
on E[3]. In other words A = — /. 

Let x be the unramified quasi-character of the Weil group that takes 
Frobenius to IjyJ—f E Q3. Then V%{T$)®x coincides with the 2-dimensional 
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irreducible representation of G = S 3 . If (j) is a character of order 3 of /, then 
by a theorem of Frohlich-Queyrut ([2], Lemma 1 and Thm. 3), 

w{4>) = 0(0(\/=3)) = 1 , 

where 9 is the local reciprocity map on F{n%)* . 

Let 77 be the quadratic unramified character of G, and denote by m the 
largest integer such that trp/Q^-K^Op) C Zj. Writing 1 for the trivial 
representation, by inductivity in degree 0, 

1 ~n V ~~ T-x \ 1 \ ~ re um — ~~ t _1 -> W ( V 3{E) &> X) ■ 

wO-Ffa)) w{l F )w(ri) r/(Frob) m 

On the other hand, by the tensor product formula ( |15j (3.4.6)), 
e(V 3 (E) ® X ) = X (Frob- 1 )"^ +2m 6(V3(i?)) , 

so w(E/F) = (— l) n (^)/ 2 = — 1 because n(E) = 2 (tame ramification). 

(c) Now assume that I = Cq. Then G = Cq if fi 3 C F and G = Dvi 
otherwise. In the first case, the action of the Weil group is abelian, so the 
same argument as in Lemma [9] applies, and w(E/F) = (—1,F^/F). 

Finally, suppose G = Dyi and consider the twist E x of E by the non-trivial 
character x °f the quadratic extension F^/F. By inductivity in degree 0, 

wjE/F^) _ w{E/F)w{E x /F) 
w(1f, e IfJ w(1 f ) 2 w( X ) 2 

Both E/Ffj, and E x /F have root number —1, as they fall under case (b) with 
G = S 3 . By the determinant formula, 

w(E/F) = w{xf = w( X X" 1 ) = det(x)(-l) = (-1, F^/F) . 

D 

4. TAMAGAWA NUMBERS 

In the next 3 sections, we complete the proof of Theorem [6l 

Lemma 11. Let E/F be an elliptic curve, [F : Qi] < 00. Suppose <f> : 
E —> E 1 is a cyclic p-isogeny defined over F with p > 3. Denote by c(E) = 
[E(F) : E (F)],c(E') = [E'(F) : E' (F)] the Tamagawa numbers, and let 5 
be as in Theorems [5| and 0. Then 

0, E has good or non-split multiplicative reduction 

±1, E has split multiplicative reduction 

0, E has additive reduction and 5 = 1 

±1, E has additive reduction and 5 = —1 



c(E') 
° Tdp 4E) 



Proof. If E (and therefore also E') has good reduction, then c(E) = c(E') = 
1. If E has non-split multiplicative reduction, then the c are 1 or 2, so the 
quotient is prime to p. If the reduction is split multiplicative, the quotient 
contributes either p or p _1 (pQ, Lemma A. 2). If E has additive reduction 
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then 1 < c < 4, so the quotient is prime to p for p > 5. It suffices to prove 
that for p = 3 the quotient is prime to 3 precisely when 8 = 1. 

From Tate's algorithm (|14j. IV. 9), the case c = 3 only occurs when the 
reduction type is IV or IV*. Applying the multiplication-by-3 map to the 
exact sequence 

— ► E (F) — ► E(F) — ► E(F)/E (F) — ► 

and recalling that it is an isomorphism on formal groups, we get that E{F) 
has a 3-torsion point if and only if c = 3. 

If the absolute Galois group acts on E[3] via (^ * ), then its action on 

E' [3] is of the form f* 1 ) . Also note that [13 C F if and only if the action 
factors through SL^Fs). So if 113 C F, then E(F) has a 3-torsion point if 
and only if the isogenous curve has one, so c{E)/c{E') = 1. Conversely, if 
fj>3 <jL F, exactly one of E(F),E'(F) has a 3-torsion point, so c(E)/c(E') = 
3* 1 . □ 



5. Local Artin symbols at primes above p 

Lemma 12. Let Q p C F C F' be finite extensions (p odd), with F'/F cyclic 
Galois of degree dividing p — 1. Then (—1,F'/F) = 1 if and only if one of 
the following conditions is satisfied: 

(1) The residue field k F of F is of even degree over ¥ p , or 

(2) (p — l)/e(F' /F) is even, where e denotes ramification degree. 

Proof. The condition (— 1, F'/F) = 1 is equivalent to —1 being a norm from 
F' to F. If Fq is the maximal odd degree extension of F inside F' , then 
N Fo/F (-l) = -1, implies {-I, F'/F) = (-1,F'/F ). In other words, we 
may assume that [F' : F] is a power of 2. 

Let F u be the maximal unramified extension of F inside F' . If F u = F', 
then all units of F are norms from F' and the result holds. Otherwise, 
we can write —1 = Q FU '- F 1 = Npu/p(£) for some ( G /U p _i C F. Then 
(—1,F'/F) = 1 if and only if £ is a norm from F' to F u . 

Since F' /F u is a totally and tamely ramified extension, a unit in F u is a 
norm from F' if and only if its reduction lies in the unique subgroup of k* 
of index [F' : F u ], where k is the residue field of F u . 

Writing d = [F u : F] , we have 

(7) ord 2(^r) = ord 2t F ; : <C>] < <>rd 2 [fc* : (C)] , 

where the last inequality is an equality if and only if [k : FJ is odd, equiva- 
lently d = 1 and [k F ■ F p ] is odd. Also, 

( s, ord2( E_Zl )£ord2( ^i). ord2( ^i ) + 1 . 
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the first equality holding if and only if (p — l)/[F' : F] is odd. On the other 
hand, 

(C) t N F , /F uF'* <^ ord 2 [fc* : (()] < ord 2 [F' : F u ] = ord 2 ( [F '^ 

If both the conditions (1) and (2) in the lemma fail, then {p — 1)/[F' : F] 
is odd, F'/F is totally ramified (so d = 1), and the inequalities in (|7|), ([8]) 
become equalities. Hence (() (£ N F i/ F uF'* and (—1,F'/F) ^ 1. 

Conversely, if one of (1) and (2) is satisfied, one of the inequalities in ([7|), 
([8]) is strict, so ord 2 [/c* : (£)] > ord 2 [-F' : F u \. In other words, C, is norm 
from F' and {-I, F'/F) = 1. □ 

6. p-ISOGENIES ON FORMAL GROUPS 

Let F be a finite extension of Q p (p odd), and denote by O f , m F = (tt f ),v 
and k F = F /m F its ring of integers, the maximal ideal, the valuation 
and the residue field respectively. Suppose E/F is an elliptic curve with 
semistable reduction and let eft : E —* E' be a cyclic p-isogeny defined over 
F. Let / : !F F (xn F ) — » !F F i{m. F ) be the induced map on the formal groups, 
which can be considered as a power series of the form 

f(T) = aT + ... . 

Write \a\v = p~l k F :V pl v ( a ) for the normalized absolute value of a in F and 
let 2 e | \p — 1. We claim that \a\ v is an odd power of p if and only if 2 e divides 
the ramification index of F^/F and [kF '■ FJ is odd. By Lemma [T2l this will 
complete the proof of Theorem [6j 

First of all, if [k F : ¥ p ] is even then clearly \a\ v is an even power of p and 
the statement holds. So suppose now that [k F : FJ is odd, in which case 
ordp \a\ v = v(a) mod 2. 

Let / : Te —* Fe 1 be the reduction of / modulo m F . The reduced formal 
groups Te j Fe 1 either are those of the reduced elliptic curve in the case 
of good reduction, or become isomorphic to G m over F nr in the case of 
multiplicative reduction (as follows from the theory of the Tate curve, cf. 
|10| . p. 277). The map / is an isogeny of formal groups over k F of degree 
dividing p, and it either has height or 1 (see [13], Thm. IV. 7.4). We have 
two cases to consider: 

Lemma 13. If a is a unit, then F^/F is unramified. 

Proof. That a is a unit means that / is an isomorphism of the reduced 
formal groups. Then the group scheme ker<^> is etale over O f , so F^/F is 
unramified. □ 

In the case that v(a) > 0, the reduction / is an inseparable isogeny of 
degree p. Then we have 

Lemma 14. If f is inseparable of degree p, then f has a kernel of order p 
in the maximal unramified extension F nr if and only if v{a) is a multiple of 
p — 1. 
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Proof. Let lo(T),lo'(T) be the normalized invariant differentials on Te-iFe 1 - 
Then (P|, Cor. IV.4.3) 

ui of = auj , 

so au>(T) = (1 + • • • )-jipf(T) . Because (1 + • • • ) is invertible, it follows that 

f(T) = afi(T) + f 2 (TP) 

for some fi, f'2 £ 0.f[[T]]. (This is the same argument as in [13] , Cor. 
IV. 4. 4.) Moreover / has height 1, so 

f x (T)=T + ..., f 2 (T) = uT + ... (ueO* F ). 

Now we can prove the lemma. 

=>. We have a kernel of order p, so f(m) = for some m £ m^nr, m 7^ 0. 
The first terms in the expansions for fi(m) and /2( m - p ) must cancel modulo 
mpnr. Hence v{am) = v(um p ), so v(a) is divisible by p — 1. 

-4=. If q has valuation divisible by p — 1, write a = «q~ with ao £ mi?™,.-. 
Replace T by Tao, so 

/(a T) = (a ) p_ Vi(«oT) + / 2 ((a T) p ) = ag(T + ... + uT*> + ...) = a p g(T), 

with every coefficient in ... having positive valuation. Because g'(T) is a 
unit, by Hensel's lemma the p distinct roots of g(T) mod rapnr lift to roots 
Zi of g(T). Then Zj«o & r e p distinct roots of f(T), so / has a kernel of 
order p. □ 

Now we can complete the proof of Theorem [6j Because <f> has p points 
in the kernel over F^, by the above lemmas 2 e \vF,(a). If v(a) is odd, this 
means that the ramification degree of F^/F is a multiple of 2 e , as asserted. 
If v(a) is even, then over F nr ( e -t^/ttf) the map / acquires a kernel (Lemma 
[T41 again) . so F^ C F nr ( E rr/7Tp) has ramification degree over F not divisible 
by2 e . 

7. Parity conjecture for curves with a 2-isogeny 

The purpose of this section is to prove Theorem [H First note that a 7^ 
0, for otherwise j(E) = 1728 and E has either additive or supersingular 
reduction at places above 2. 

Henceforth we work in the local setting. Let F = R or C, or [F : Qj] < 00. 
In the non- Archimedean case we write xxif for the maximal ideal and v for 
the normalized valuation on F. Suppose E, E'/F are elliptic curves given 
by equations (pQ) and ([2]) with a,b £ Of and a/0. Let <f> : E 1 — > E' be the 
2-isogeny with kernel 0, (0,0) and defined by ([3]). The discriminant 

A(E) = 16 6 b 2 

is non-zero, so b and (5 are non-zero as well. In particular, the Hilbert 
symbols (a, b) and (—2a, <5) make sense, and we need to prove that 

w(E/F) = a^E/F) (a, -b) (-2a, 5) . 
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7.1. Infinite places. First suppose that F = R or C, so w{E/F) = — 1, 

and o<f,(E/F) = 1 if and only if ord2(# ker 0/$ coker </>) is even. Clearly we 
need to show that 

(a, -6) (-2a, o) = 1 <=^ : #(F) -» £'(F) surjective. 

If F = C, then the Hilbert symbols are trivial and <^> is surjective. 

Suppose F = R. If (-2a) 2 - 4<5 = 166 < 0, then £'(K) 9* 5 1 , so 
is always surjective. On the other hand —6 > implies (a, —6) = 1, and 
5 = a 2 - 46 > implies (-2a, 5) = 1. 

Similarly, if 6 > and J < then B(R) = S 1 and E'(R) ^ S 1 x Z/2Z, so 
is not surjective; here exactly one of the Hilbert symbols is 1, depending 
on the sign of a. 

Finally, if 6,5 > 0, then E(R) = S 1 x Z/2Z ^ £'(M) and (-2a, 5) = 1. 
Here is surjective if and only if the points C, (0, 0) of ker lie on the 
same connected component. (If they are on different components, the image 
of (j) is connected; otherwise, the identity component of E(M) maps 2-to-l 
to the identity component of E'(R), so the other component maps to the 
other component since deg(f> = 2.) So is surjective if and only if is the 
rightmost root of x 3 + ax 2 + bx . This is equivalent to — a < and hence to 
(a,-6) = l. 

7.2. Finite places. From now suppose that F is a finite extension of Qj. 
The only transformations that preserve the chosen model for E are (re, y) h^ 
(u 4 x,n 6 y). The constituents in the Hilbert symbols then get multiplied 
by squares (u 2 ,u 4 ), and the Hilbert symbols are unchanged. So for I ^ 2 
(including I = 3) the model ([I]) may and will be chosen to be minimal for 
the proof. 

To prove the theorem, we will proceed as in the proof of Theorem [6l 
Recall that a^(E/F) = ±1 and it is 1 if and only if the power of 2 in 

# coker(0 : E{F) -> E'(F)) 
#ker(0:£(F) -> E'(F)) 

is even. The quotient equals ^Vgy • \a\p ([lj, App., formula (18)) where c is 
the Tamagawa number, a is the leading coefficient for the action of (f> on the 
formal groups, and | • \p is the normalized absolute value. We will compute 
c(E), c(E'), w(E/F) and \a\p. For the latter, (fi*(dx/y) = dx/y from the 
explicit formula (|3|) for <j). So if E, E' are transformed to their respective 
minimal models by standard substitutions (x, y) — ► (w 2 x + ...,w^y + ...) and 
(x,y) — ► (u 2 x+...,u 3 y+...), then a = uw^ 1 . We distinguish between various 
possibilities for the reduction types: 

7.3. Good reduction, I / 2. Here w(E/F) = 1, a^E/F) = 1 and 6, 8 G 
Op. If a G Op, then both the Hilbert symbols are (unit, unit), hence trivial. 
For a = mod VCIf, the expression —b5 = 46 2 mod rap is a non-zero square 
mod m.F, so the product of the Hilbert symbols is again trivial. 



IS 

(-M) 


I* (n > 0) 
(-1,t) 


6 
l+,2,2 


6+n 
1,2,3+ or 1,3+, 2 
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7.4. Additive reduction, I ^ 2. Reduction is either potentially multi- 
plicative or potentially good. In the latter case, E/F(E[4\) has good re- 
duction and F(E[4\)/F is a 2-extension, so 3|t>(A). We have the following 
options (writing n + for an integer > n): 

Reduction III III* 

w{E/F) (-2,vr) (-2,tt) 
v(A E ) 3 9 

v(a),v(b),v(5) 1+1,1 2+,3,3 

Here 7r is a uniformiser of -F, the reduction types are from p3], IV. 9 and 
the root numbers are from [9] and [3]. Note also that E has potentially 
multiplicative reduction (i.e. I* ) if and only if E' has; the same holds for 
Iq (inertia of order 2). In what follows we continue referring to the descrip- 
tion of Tate's algorithm in [T5], IV. 9 for the description of the Tamagawa 
numbers. 
(III). Here c(E) = c(E') = 2. Next, 5 = -46 mod vr 2 , so 

(a, -6)(-2o, 5) = (a, -b6)(-2, 5) = (a, 46 2 + 0(vr 3 ))(-2, vr) = (-2, vr). 

(III*). Same argument, replacing vr 2 and 0(vr 3 ) by vr 4 and 0(vr 5 ) respectively. 
(Iq). By assumption, T 3 + —T 2 -\ — jT has 3 distinct roots mod xxif over the 
algebraic closure, and 6 = n 2 u, S = ir 2 w with u, w units. Moreover w is a 
square if and only if all three roots are defined over the residue field of F, 
equivalently c(E) = 4 (otherwise c(E) = 2). Similarly, c(E') = 4 if and only 
if u is a square, and 2 otherwise. So 



0) 



ord 2 c(£) = mod 2 ^^ w G (K*) 2 ^=> (vr,5) = l, 
ord 2 c{E') = mod 2 <=^ u £ (K*) 2 ^^ (vr, 6) = 1. 



Now, 

(10) (a, -6)(-2a, 5) = (a, -6)(-2, vr 2 u>)(a, 5) = (a, -b<J) = (vr, -b5) . 
The last equality is clear if v(a) is odd; for v(a) > 2 even (a, — bd) = 1, and 
-M = -6(a 2 - 46) = 46 2 mod vr 5 



is a square, so the last Hilbert symbol is 1 as well. Combining Q, (|10p with 
w(E/F) = ("7T, —1) yields the result. 

(I*). We have v(a) = l,v(b) > 2 and so v(5) > 2. Because v(A) = v(b 2 5) > 
6, one of v(b),v(6) is at least 3, hence the other one is 2, as 6 + 46 = a 2 ; 
so we have essentially two cases. Swapping E and E' interchanges 6 and 5 
up to units, so E and £" will always be in two different cases. We begin by 
determining c(E) G {2,4}. 

Suppose v(b) > 2 and v(8) = 2, so E has type I*> n with n = v(b) — 
2. Following [14J, IV.9, Step 7, the reduction of the polynomial P(T) = 
T 3 + —T 2 H — jT mod ttli? has a double root at the origin; furthermore, 
^X 2 H — sqr^X has two distinct roots mod m.F, so c(E) = 4. 



PARITY OF RANKS FOR ELLIPTIC CURVES WITH A CYCLIC ISOGENY 13 

Suppose v(b) = 2 and v(5) > 2, so E has type I* with n = v{5) — 2. 
Translate x by a/2 to get a model 

y 2 = (*-f)(* 2 -|), 

so that P{T) = (T — j^)(T 2 — X) again has a double root at the origin mod 
mi?. Now, by the criterion in [13], IV. 9, Step 7, we have c(E) = A 44> 5 = D 
for n even, and c(.E') = 4 <=> ^o" = D for n odd. 

We are now in position to compute the Hilbert symbols and to com- 
plete the proof in the I* case. To simplify the argument slightly, note 
that showing (J3J) for E is equivalent to that for E': the products of the 
Hilbert symbols differ by (— 1, —2) = 1, both root numbers are (tt, — 1) and 
ord2(c(E)/c(E')) = ovd2(c(E')/c(E)) mod 2. So we may assume without 
loss of generality that v(b) < v(S), thus c(E') = 4. Note that in this case 

b = a 2 -A5 = a 2 (l-0(Tr)) = □. 

If v(5) is even, then the parity of ord2 (c(E)/c(E')) is determined by the 
Hilbert symbol (vr,<5), and 

(a, -6)(-2o, S) = (a, -l)(-2, 5) (a, 5) = (vr, -l)(vr, 6). 

Similarly, if v(S) is odd, then the parity of ord2 (c(E)/c(E')) is determined 
by the Hilbert symbol (jt, 2aS), and 

(a, -o)(-2a, 5) = (a, -l)(-2a, 2a5) = (vr, -l)(vr, 2ao). 
7.5. A lemma on Hilbert symbols. 

Lemma 15. Let F/Q p be a finite extension. Then 

(1) (1 + 4x,y) = 1 if v{x) > andy G F* , 

(2) (l + 4x,y) = 1 ifp = 2, v(x) = and y £ 0* F , 

(3) (—1, —2) = —1 if and only if p = 2 and [F : Q2] is o<id. 

Proof. These statements are clear for odd p, so suppose that p = 2. 
1. |14j . Chapter V, Lemma 5.3.1. 



2. It suffices to show that the extension F(y/1 + 4x)/F is unramified, 
so every unit y is a norm. Equivalently, if £/-F is the unique quadratic 
unramified extension, we claim that 1 + Ax £ (L*) 2 . Let x £ ¥2^ be the 
reduction of x mod m^. Because every quadratic polynomial over ¥2^ has 
a root in F 2 2n, there is a unit z of L with z 2 + z = x mod m^. Then 

(1 + 2z) 2 = 1 + 4(z + z 2 ) = 1 + 4x mod 4mF, 

so (1 + 4rr)/(l + 2z) 2 is a square in L by part 1, and so is 1 + Ax. 

3. If \[—2 £ F, then both of the conditions hold. Otherwise, 

(-1,-2)^ = (-l,F(v^2)/F) = (iV F/ Q 2 (-l),Q 2 (v^2)/Q 2 ) 
= ((-1,-2)q 2 )^^] = (-1)^^], 

as asserted. D 
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7.6. Good reduction, / = 2, 2-torsion point reduces to P = O. Sup- 
pose I = 2 and E/F has good reduction, so w{E/F) = 1 and c{E) = c(E') = 
1. By assumption, the reduction is ordinary, equivalently j(E) is a unit. By 
|13j A. 1.1c, we can choose a minimal model of E over Of of the form 

y + aixy + a^y = x + a 2 x + a^x + a$, 1—01,03,04 G tUp . 

After the substitution (x,y) >—>■ (a 2 x — a^a^ , a\y), we may assume a\ = 1 
and 03 = 0. Next, the substitution (x,y) i-» (x — 2£,y + i) with i G mi? a 
root of 12£ 2 — (1 + 4a 2 )£ + 04 = (Hensel's lemma) eliminates 04. Neither 
substitution changes the reduced curve, thus we may assume that our model 

is 

y 2 + xy = x 3 + a 2 x 2 + a 6 , 02 G Of, a 6 G Cp. 

After completing the square, this becomes 

y 2 = x 3 + {a 2 + -)x 2 + a 6 . 

Now let (xo,0) be our 2-torsion point with v(xq) < 0. Then 

xl(x Q + a 2 + -) = -a 6 G £> F , 

so v(xq + a 2 + 1/4) = — 2u(xo) > 0, hence u (x ) = — v (4). Then i>(xo + 
a 2 + 1/4) = v(16), and write xo + a 2 + 1/4 = 16v with i> a unit. Letting 
w = 1 + 4a 2 and translating x by xq, the curve becomes 



,2 _ „3 1 „2 



with 



y = x + ax + bx, 



a= i(- w + 9Q v ) = -f -D, 

6 = 4(-w + 64v)(-to + 192u) = D, 

5 = a 2 — 46 = — 16u(— u> + 48u)) = vw ■ D. 



Therefore 



w 
(a,-b)(-2a,d) = (--,-l)(w,vw) = (-2,-l)(w,-vw) = (-2,-1) , 

where the last equality holds since (1 mod 4,unit)=l. On the other hand, 
the isogenous curve 

E' : y 2 = x 3 - 2ax 2 + 5x 

transforms under x — ► 4x, y — > 4x + 8y to 

y 2 + X y = x 3 + (o 2 - 24-u)x 2 + (4a 2 - 48v + l)x, 

which has good reduction at 2. So ord 2 \oi\f = ord 2 \2\p is even if and only 
[F : Q 2 ] is even if and only if (—2, —1) = 1 (Lemma ll5p . 



PARITY OF RANKS FOR ELLIPTIC CURVES WITH A CYCLIC ISOGENY 15 

7.7. Good reduction, I = 2, 2-torsion point reduces to P / O. As 
before, w(E/F) = 1 and c(E) = c(E') = 1. We claim that a = 1, and 
that both Hilbert symbols are trivial. Translating the 2-torsion point on the 
reduction to (0,0), we get a model 

E : y 2 + xy = x 3 + a 2 £ 2 + a 4 x, a 2 G Of, a^ G O f , 

E' : y 2 + xy = x 3 + a 2 x 2 — Aa^x — (4a 2 + 1)04. 

These transform to our models (pQ), (J2]) with substitutions x — ► x + ...,y — > 
y + ..., so a = 1. Next (cf. Lemma LT51 part 2), 

a = a 2 + 1/4, 

b = CL4, 

5 = (a 2 + 1/4) 2 -4a 4 = 1/16 + a 2 /2 + a| -4a 4 , 

(a, —6) = (02 + 1/4, — 04) = (1 + 4a2, — a 4 ) = (1 mod 4, unit) =1, 

(-2a, 6) = (-2a, l + 8a 2 + 16a| -64a 4 ) = (-2a,D) =1. 

7.8. Split multiplicative primes. Write E as a Tate curve ( |14j §V.3) 

£ g : y 2 + xy = x 3 + a 4 (q)x + a 6 (g), E(F) * F*/q z , 

with q G m,K of valuation v(q) = v(A). The coefficients have expansions 

5s 3 (g) + 7s 5 (g) _ ,„, _ y^ n fc g™ 

n>l 

and they start 

a 4 (g) = -5g - 45g 2 - 140g 3 - 365g 4 - 630g 5 + <3(g 6 ), 
ae(g) = -9 - 23g 2 - 154g 3 - 647g 4 - 1876g 5 + 0(g 6 ) . 

The two-torsion, as a Galois set, is {1, — 1, ^/g, — -y/g}. For u / 1 in this set, 
the corresponding point on E has coordinates 



/ x K / n / n 5g 3 (g + 7s 5 g) ^ n 

a 4 (g) = -5s 3 (g), a 6 (g) = — , s k {q) = Z^Y 



Yd, a\ — u 4- V ( g " n -I- g" M _ O 1 n \ 

^\u,q) — n_ u )2 t Z^ l(i_ ? « tt )2 I" (i_ g « u -i)2 z (i- g «)2;i 

n>l 
Vf„ ^ - " 2 .. _L V r 9 2n " 2 . 4- g""~\ .. + g" .. ^ 

Z ^"'^ ~~ (l-u)3 "^ 2-, V (l-g»u)3 ^ (l- g « M -l)2 "T (l_gn) 2/ /- 



n>l 

We now have two cases to consider: the 2-torsion point (X(— 1, g), Y"(— 1, g)) G 
-Eq and (renaming ±y/q by g) the 2-torsion point (X (q, q 2 ) ,Y (q, q 2 )) G .E„2. 
In both cases, we have c(E)/c(E f ) = 2 ±1 and w(E/F) = —1, so we need 

(11) ord 2 \oc\f even <^=^ (a, — b) (— 2a, 5) = 1 , 

where a, b, 5 are the invariants of the curve ([I]), when our curve is transformed 
into that from with the 2-torsion point at (0, 0). First of all, E„ has a model 

y 2 = x 3 + x 2 /A + a 4 (g)x + a 6 (g) . 

Let r = —X(u,q), and write a 4 = 04(g), a§ = a§{q). Then, after translation, 
the curve becomes 

E : y 2 = x 3 + ax 2 + bx, a = 1/4 - 3r, b = 2a 4 - r/2 + 3r 2 . 

Recall that the isogenous curve £7' is ([2]) in this form. 
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Suppose we are in Case 1, so r = —X(—l,q). Then the substitution 

(12) x -> Ax - 2r + 1/2, y -> 8y + Ax 
transforms E' into the form 

£t : y 2 + xy = x 3 + (-5g 2 + 0(g 4 ))x + (-g 2 + 0(g 4 )) . 

We use the notation 0(q n ) to indicate a power series in g with coefficients 
in Cj? that begins with a n q n + .... In fact, E' = E q 2 but we will not need 
this; it is only important that it is again a Tate curve (in particular, this 
model is minimal), and a = 2 (this comes from (|12|) ). So 

ord2 \(x\f even -4=>- I ^ 2 or [F : Q2] is even <^=^ (— 1, —2) = 1. 

Finally, from the expansions 

r = l/4 + 40(g), a = -1/2 + 40(g), 6 = 1/16 + 0(g), 

we have 

(a,-b) = (a,-l)(a,6) = (a,-l)(a,n) = (-l/2 + 40(g),-l) 

= (-1/2, -1)(1 + SO(q), -1) = (-2, -1)(D, -1) = (-1, -2), 

(-2o, 5) = (l-80{q),5) = (n,6) = l. 

Case 2 is similar and we omit the details; here a is a unit, so we need to 
show that the product of the two Hilbert symbols is 1. Here 

a = 1/4 + 2 0(g), 6 = g + 0(g 2 ), 5 = 1/16 + 0(g) . 

In particular, a and 5 are squares in F, so both Hilbert symbols are trivial. 

7.9. Nonsplit multiplicative primes. Let F(rf)/F be the quadratic un- 
ramified extension of F and consider the twist of E by 77, 

E : y 2 = x 3 + ax 2 + bx , 
Ejj : y 2 = x 3 + ?]ax 2 + r/ 2 6x . 

Then E^ has split multiplicative reduction, so (cf. (jlip ) 

ord2 IoeJf even <^=^ (77a, — ?] 2 6)(2r/a,r/ 2 (a 2 — 46)) = 1. 

Also oe = OLE, since the two curves become isomorphic over K v . Now, 

(77a, -r/ 2 6) = (rja, -b) = (77, -6)(o, -6), 

(277a, 77 2 (o 2 - 46)) = (27/a, a 2 - 46) = (77, a 2 - 46) (2a, a 2 - 46), 

so comparing with the Hilbert symbols in ([4]) we have an extra term 

(13) (77, -6(a 2 - 46)) = (77, -6 2 A(£')/16A(£)) = fa -A(E')/A(E)) . 

Because x is a norm from F(rj)* to F* if and only if v(x) is even, this Hilbert 
symbol is trivial precisely when v(A(E')) = v(A(E)) mod 2. From Tate's 
algorithm ([HJ, IV.9.4, Step 2), 

_ f 1, v(A(E)) odd, , _ J 1, v(A(E')) odd, 

q£/J ~ \ 2, u(A(£)) even, C ^ J ~ \ 2, u(A(^')) even > 

so the correction term (|13p is trivial if and only c(E)/c(E') has even 2- 
valuation. This proves ((4|) in the non-split multiplicative case. 
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